In this article we describe a method of constructing all simple triangulations of the sphere with minimum degree 5; equivalently, 3-connected planar cubic graphs with girth 5. We also present the results of a computer program based on this algorithm, including counts of convex polytopes of minimum degree 5.
Introduction
A set of operations is said to generate a class of graphs from a set of starting graphs in the class if every graph in the class can be constructed (up to isomorphism, however defined) by a sequence of these operations from one of the starting graphs and the class is closed under the construction operations.
There are two main reasons why methods to construct an infinite class from a finite set of starting graphs are of interest: on one hand they provide a basis for inductive proofs, and on the other they can be used to develop efficient algorithms for the constructive enumeration of the structures. Classes of Email addresses: Gunnar.Brinkmann@ugent.be (G. Brinkmann), bdm@cs.anu.edu.au (Brendan D. McKay). 1 Current address: Department of Applied Mathematics and Computer Science, Ghent University, B-9000 Ghent, Belgium 2 Supported by the Australian Research Council polyhedra were among the first graph classes for which construction methods were published (see [8] and [14] ) and also among the first classes for which a computer was used for their enumeration (see [12] ).
For a general treatment of polyhedra and background relevant to this paper, the book of Grünbaum [11] is recommended. Extensive tables for many classes of polyhedra are given by Dillencourt in [7] . We will restrict our attention to a subclass of all polyhedra. Isomorphisms must preserve the embedding, but since we will only deal with 3-connected graphs there is a one-to-one correspondence between embedding-preserving isomorphisms and abstract graph isomorphisms. D. Barnette [2] and J. W. Butler [6] independently described a method for constructing all planar cyclically 5-connected cubic graphs. In the language of the dual graph this class is the set of all 5-connected planar triangulations. We call such triangulations C5-5-triangulations. More generally, Ck-5-triangulations are the k-connected planar triangulations with minimum degree 5.
A separating k-cycle in a graph embedded on the plane is a k-cycle such that both the interior and the exterior contain one or more vertices. For a simple planar triangulation, 3-cuts correspond to separating 3-cycles, while 4-cuts correspond to separating 4-cycles. Thus a planar triangulation with minimum degree 5 is a C3-5-triangulation always, a C4-5-triangulation if there are no separating 3-cycles, and a C5-5-triangulation if there are no separating 3-cycles or separating 4-cycles.
Barnette and Butler's method starts with the icosahedron graph and uses the operations given in Figure 1 . As in all our figures, edges and half edges drawn are always required to be present, while black triangles correspond to any number-zero or nonzero-of incident edges in the indicated position. No edges are incident with the depicted vertices except those indicated by the depicted edges or black triangles. [2] , Butler [6] ) All C5-5-triangulations can be generated from the icosahedron graph by using operations A, B and C.
Theorem 1 (Barnette
Batagelj [3] has described a method for constructing all C3-5-triangulations. He uses the operations A and B also used by Barnette and Butler and in addition a switching operation D as depicted in Figure 2 . This operation assumes that the top and bottom vertices do not share an edge. [3] ) All C3-5-triangulations can be generated from the icosahedron graph by using operations A, B, and D. Unfortunately Batagelj's proof contains an error, as he acknowledges (private communication), but nevertheless his theorem is correct as we will prove. However, we will focus on an approach that uses all four operations A-D and In fact it enables a computer program to efficiently restrict its output to C4-5-triangulations or C5-5-triangulations only, in addition to being able to generate all C3-5-triangulations.
Theorem 2 (Batagelj
For k ∈ {4, 5} let us denote a D operation such that the central edge does not belong to a separating cycle of length k−1 or less after the operation as a D k operation. Recall that C4-5-triangulations without separating 4-cycles are just C5-5-triangulations and C3-5-triangulations without separating 3-cycles are C4-5-triangulations. So a computer program can first list all C5-5-triangulations using Theorem 1, then construct all additional C4-5-triangulations using Theorem 3(b), then finally all construct all additional C3-5-triangulations using Theorem 3(a). Restricting the generation to a subclass (C4-5-triangulations or C5-5-triangulations) is simply a matter of stopping the generation process at the correct point.
Theorem 3 (a)
We will infer from our proof that Theorem 2 is correct, and also show that the operations given by Batagelj are able to generate just the C5-5-triangulations or C4-5-triangulations. An important subclass of C5-5-triangulations, with many practical applications, are those with maximum degree 6, best known via their duals, the fullerenes [9] . A very efficient generator of fullerenes has been given by Brinkmann and Dress [4] and is available from the authors [5] .
Proofs of the Theorems
For k ∈ {3, 4} an innermost separating k-cycle is a separating k-cycle such that either the interior or exterior does not contain any edges of another separating k-cycle. It can be easily seen that if a separating 3-cycle exists then there is an innermost separating 3-cycle. Similarly, if a separating 4-cycle exists but no separating 3-cycle exists, then there is an innermost separating 4-cycle.
We will always draw innermost separating k-cycles in such a way that the interior does not contain edges of another separating k-cycle. In discussing edges incident with vertices of a separating cycle, other than the edges of the cycle, we will use the terminology "leading inwards" for edges lying in the interior of the cycle, and "leading outwards" for edges lying in the exterior.
PROOF of Theorem 3
In order to prove the theorem, we consider an arbitrary graph satisfying the conditions of the theorem and show how to apply the inverse of operation D (in case (a)), or either D 4 or A (in case (b)), to produce a parent in the specified class.
Proof of part (a):
Let G be a C3-5-triangulation with an innermost separating 3-cycle C. First note that at each vertex of C at least two edges must lead inwards, since otherwise the endpoint v of the single edge would be adjacent to the two remaining vertices on C, forming three 3-cycles in the interior, which-due to C being innermost-must be faces. But in this case v can not have additional edges, so it would have degree 3 (a contradiction). So C includes three internal faces as in part (a) of Figure 3 , where C is shown bold.
(b) (a) Since the exterior of C is not a face, each vertex has at least one edge leading outwards. If two vertices on C had exactly one edge leading outwards (w.l.o.g. the lower two in the picture), the situation of Figure 3 (b) would occur-again introducing a vertex of valency 3 (a contradiction). So at least two vertices v, w on C must have at least two edges leading outwards-giving a total degree of at least 6 for v, w and therefore the conditions for applying the inverse of operation D to (v, w) without violating the minimal valency are fulfilled. In the resulting graph G the separating 3-cycle C has been destroyed, and the new edge cannot have created a new separating 3-cycle or C would not have been innermost before. So there is a smaller number of separating 3-cycles in G and G can be constructed from G by applying D.
Proof of part (b):
Suppose we have no separating 3-cycles, but at least one separating 4-cycle. Let C be an innermost separating 4-cycle.
Again the property of being innermost implies that each vertex on an innermost separating 4-cycle C of a graph G has at least two edges leading inwards. So the situation is as depicted in Figure 4 (a). Vertices opposite on C cannot be adjacent, since this would either introduce a separating 3-cycle or the exterior would not contain vertices at all (contradicting C being a separating 4-cycle). This fact implies that each vertex on C must have at least one edge leading outwards. Two consecutive vertices on C with each just one edge leading outwards can be easily seen to imply either a vertex of degree 4 in the exterior or a separating 3-cycle-both contradictions. So we have at least two vertices v, w on C with at least two edges leading outwards from each of them. The only remaining case is that we have two vertices opposite to each other on C with each having exactly one edge leading outwards and the others having at least two edges leading outwards. So the situation is as in Figure 4 (c).
In this case the inverse of operation A can be applied by contracting edge e, resulting in a graph of smaller order. A separating 3-cycle in the new graph that wasn't there before would have to cross the interior of C and can easily be seen not to exist by checking the various possibilities.
In fact it can even be shown that in the last case the inverse of operation A need only be applied if the endpoint of e on the cycle C has valency 5.
Otherwise we can again apply operation D, but since it is not needed for the proof, we will not discuss it in detail here.
PROOF of Theorem 4. Theorem 1 implies that every graph that can not be reduced by the inverse of operation A or B can be reduced by the inverse of operation C, so it must contain the configuration on the right hand side of operation C in Figure 1 . So for part (a) it is enough to show that a graph containing this configuration can be reduced by the inverse of operation A, B, or D 5 . Fig. 5 . Replacing a C operation by B followed by D In Figure 5 it is shown that a reverse D 5 (which is easily seen not to produce separating 4-cycles, so the resulting graph is in the same class) paves the way for the inverse of operation B to be applied.
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So every C5-5-triangulation containing this configuration can be constructed from a smaller C5-5-triangulation by applying a B operation followed by a D 5 operation. This proves part (a). Of course these operations could also be combined to form a single new operation.
Part (b) now follows easily from (a) and part (b) of Theorem 3.
PROOF of Theorem 2. Theorem 4 shows that all C4-5-triangulations (which include the C5-5-triangulations) can be generated using A, B and D.
The remaining C3-5-triangulations, which are those having separating 3-cycles, can be made from the C4-5-triangulations using only D, as is shown in Theorem 3(a).
Computer implementation
The aim of a computer program for the construction of triangulations with minimum degree 5 is to list exactly one member of every isomorphism class. Ideally, such a program should have modest space requirements even when a vast number of graphs are produced, and should be fast enough that generation will not be the bottleneck in most computations where all the generated graphs are tested for conformance to some non-trivial condition.
The first objective, and possibly also the second, is not met by the previously best implementation for the present class of graphs, namely that of Dillencourt [7] .
In order to avoid the generation of isomorphic copies, we used the canonical construction path method described in [13] . This method considers a sequence of graphs known to include at least one from each isomorphism class, then rejects all but one in each class without explicit isomorphism testing. This is not the place to discuss the exact implementation of the method, but the reader is referred to the source code which can be obtained from [5] .
The following lemma is useful in speeding the overall computation, since it reduces the number of graphs which are generated only to be rejected.
Lemma 5 Let G be a C5-5-triangulation which can be constructed by a B operation from the C5-5-triangulation G which can be constructed by an A operation. Then there is a C5-5-triangulation G from which G can be constructed by an A operation.
The main impact of this lemma is that if we never apply a B operation immediately after an A operation, we still get a member of each isomorphism class.
PROOF. There are two requirements an edge has to fulfil in order to be a possible center edge for an inverse A operation: It may not lie on a separating 5-cycle (otherwise there would be a separating 4-cycle after the inverse operation), and both the opposite vertices on the faces incident with the edge must have valency at least 6.
Clearly such an edge exists in G , since G was formed using an A operation. We have to show that such an edge exists in G after G is formed from G using a B operation.
First suppose that e, the edge in G which is the central edge created by the A operation used to form G , is none of the 3 edges depicted vertically on the left hand side of the B operation in Figure 1 . In this case, the opposite vertices on the faces incident with e still have degree at least 6 after the B operation, since B does not decrease any vertex degrees. Furthermore it can be seen that any possible separating 5-cycle in G through e would correspond to a separating 5-cycle or even a separating 4-cycle through e in G , which is not possible as G is a C5-5-triangulation.
Suppose instead that e is one of the 3 initial edges of the B operation (those drawn vertically in Figure 1 ), w.l.o.g. the central one or the upper one. Figure 6 shows the B operation forming G from G and part of its neighbourhood. A square surrounding a vertex on the right side shows that the vertex must have degree at least 6, either because the B operation forces it or because the preceding A operation forces it. Some edges are drawn bold or dashed for reference. We see that the two opposite vertices on the faces incident with the bold edge have valency at least 6, so this edge is a candidate for an inverse A operation. So suppose this edge is on a separating 5-cycle. If this cycle uses one of the dashed edges, there would be a separating 4-cycle in G . If the cycle does not use any of the dashed edges then the fact that without separating 4-cycles present every separating 5-cycle has to have edges leading inwards and outwards at every vertex implies that it has to pass through vertex v. But then a shortcut through x would give a separating 4-cycle, since x can not be the only vertex inside the separating 5-cycle. None of these possibilities can happen, since G is a C5-5-triangulation. Therefore, the bold edge is the center of a valid inverse A operation, proving the lemma.
Results
In Tables 1 and 2 , we present some counts obtained by our program, which is available from [5] . Two types of equivalence classes are recognised. "Isomorphism classes" permit orientation-reversing (reflectional) isomorphisms, whereas "orientation-preserving (O-P) isomorphism classes" do not.
In addition, we give some counts of convex polytopes (equivalent to 3-connected planar graphs) with minimum degree 5. These can be generated by successively removing edges from C3-5-triangulations without violating the degree and connectivity conditions. In the tables, n, e and f are the numbers of vertices, edges and faces, respectively.
The polytopes with minimum degree 5 and e = 5n/2 are precisely the 3-connected planar regular graphs of degree 5. The tables give their counts for n ≤ 34. To the best of our knowledge, there is no known practical recursive construction for this class of graphs, so their direct generation remains an interesting open question.
Some checks on the results are available. Aldred et al. [1] found the numbers of C3-5-triangulations and C4-5-triangulations up to 25 vertices, and C5-5-triangulations up to 27 vertices. An unpublished program of ours, using quite a different method, gave the same results up to 34 vertices.
Gao, Wanless and Wormald [10] theoretically determined the number of 5-connected planar triangulations which are rooted at a flag. By finding the automorphism group of each of the generated graphs, we have matched their values up to 38 vertices.
We can incidentally tidy up a loose end from [1] . The smallest nonhamiltonian cubic simple planar graphs of girth 5 with cyclic 3-cuts have 48 vertices. There are two such graphs formed by joining together the two fragments shown in 
Final note
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